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Unsteady Surface-Element Method Applied to Mixed-Boundary
Conditions with Accuracy Study
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This paper presents the application of the unsteady surface-element (USE) method to the heat condition problem
in a semi-infinite body with mixed boundary conditions of a step change of the surface temperature over an infinite
strip and insulated elsewhere. The accuracy of the method is studied by comparing the results with those obtained
from the approximate analytical solution (using the Laplace transform technique), and also by considering different
sizes of elements and the time steps used in the numerical computations. The results show that a very high accuracy
is attainable with a relatively small number of surface elements. It is also found that the accuracy of results varies
linearly with the sizes of element and time step.

Nomenclature
a = half of the width of the contact area
Ac = contact area
Aj = area of the surface element j
erfc(.) = complementary error function
F = vector defined by Eq. (7c)
k = thermal conductivity
M = time index
TV = number of surface elements
q = heat flux
qcL = centerline heat flux
q = area-averaged interface heat flux
qM = heat flux vector at time tM
t = time
t+ = dimensionless time
T = termperature
Tc = contact-area temperature
T0 = initial temperature
x, z = Cartesian coordinates
;c + , z+ = Dimensionless x, z defined by (Eq. 16)
a = thermal diffusivity
y = Euler's constant
A. = dummy variable
0 = temperature rise for a unit heat flux
<j>kji = temperature rise at element k due to unit heat

flux over element j at time tt
<J>; = influence matrix at time ti

Introduction

T HE unsteady surface-element (USE) method is a powerful
analytical and numerical technique for solving certain

transient heat-transfer problems. The method is most suitable
for calculating interface temperatures and heat fluxes for the
geometries connected over a relatively small portion of their
surface boundaries. It is applicable to homogeneous and com-
posite geometries with perfect or imperfect contacts.

There are two different approaches for the USE method.
One is the single node approach1 that uses the Laplace
transform (approximate analytical solution), and the other is
the multinode approach2 that is more general and can be
applied to a variety of problems (numerical solution). Both
approaches use Duhamel's integral and consequently can only
be applied to problems with the linear-differential equations.

In this paper, the multinode unsteady surface-element
(MUSE) method is employed to obtain the transient thermal
response of a semi-infinite body with the mixed boundary
conditions of a step change of the surface temperature over an
infinite strip and insulated elsewhere. See Fig. 1. This problem
is similar to that of two semi-infinite bodies with identical
properties having different initial temperatures brought sud-
denly into perfect thermal contact over an infinite strip and
insulated over the rest of the contacting area.

The solution has application in problems involving elec-
tronic cooling, strip welding, fins, and thermal contact con-
ductance. To the authors' knowledge, there is no analytical
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Fig. 1 Geometry of semi-infinite body with the step change of surface
temperature over an infinite strip.
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Fig. 2 Possible distribution of surface elements over the surface
boundary.

solution to the foregoing problem currently available in the
open literature. Sadhel3 has examined the related problem of
two semi-infinite bodies having perfect contact over a series of
equally spaced infinite strips. The regions between these strips
were insulated. By considering the planes of symmetry be-
tween the strips, Sadhel solved the problem for large times by
utilizing the Laplace transform technique. However, his solu-
tion is not valid for the situation in which there is a small
fraction of the interface in contact and consequently cannot
be applied to the problem of two semi-infinite bodies with a
single strip contact.

Two types of kernels (influence functions or fundamental
solutions) can be employed in the USE method: a tempera-
ture-based kernel and a heat-flux-based kernel. The method
requires that these influence functions be known for the basic
geometries under consideration. For many geometries, the
influence functions are known or can efficiently be obtained
by the analytical method or the use of Green's functions.4
Although both types of kernels can be employed by the USE
method, only the heat-flux-based kernels are used in the
example problem given in this paper.

Statement of the Problem
The geometry being considered is shown in Fig. 1. A

semi-infinite body is subjected to a uniform step temperature
change Tc over an infinite strip with width 2a on its surface.
The rest of the surface is insulated. The body is initially at a
uniform temperature of T0, and the thermal properties are
assumed to be independent of temperature. The describing
equations are

d2T d2T
a dt (1)

T=T0 for r = 0; |x| > 0; z > 0 (2)

=TC for f > 0 ; -a<x<a; z = 0 (3a)

dT = 0 for f > 0 ; x\>a; z =0 (3b)

T = TQ for t > 0 as x -» ± oo and z -» oo (4)

Surface-Element Solution (Multinode)
In the heat-flux-based MUSE method, the part of the

surface boundaries with nonzero values of that flux is divided

into TV finite surface elements (not necessarily equal) with each
of these elements having inner and outer dimensions denoted
by dj and ay_ l9 as shown in Fig. 2. In general, the heat flux
and "temperature vary across the surface boundary, but they
are assumed to be uniform over each surface element. If we
use Duhamel's integral, the temperature at location (x, z) and
time t due to the effect of TV heat flux histories [0/f), J = !»#1
can be given by

T(x9z,t)
N rt

-T0 = %
7 = 0 Jo dt

(5)

where 0/jc, z, t) is the temperature rise at location (x, z) and
time t due to a unit step heat flux over element j at time zero.
It represents the fundamental solution or influence function
for the aforementioned geometry. For a point along the
interface boundary (z = 0), Eq. (5) reduces to

(6)

where Tk(t) is the temperature of surface element k (both local
and average values are considered in this work), and ^kj(t)
represents the temperature rise at surface element k due to a
unit heat flux over element j. For the example problem in this
paper, Tk(f) is known and equal to T,. Therefore, the set of
integral equations given by Eq. (6) can be solved numerically
for the elemental heat fluxes ^(r), j = l,N (the only un-
knowns). Once qj is evaluated, the temperature at any point
inside the body can be found by the direct integration of Eq.

The time integrations in Eqs. (5) and (6) are performed
directly by dividing the entire time domain into M equal small
time intervals Af, so that tM represents the value of / at the
end point of the Mth interval. With the uniform approxima-
tion of the heat flux histories qj(t) over each time interval, one
can show that

for

C- T0

M = 2, 3,

(7a)

(7b)
M- 1

E '
i= 1

where qf and O, represent the heat flux vector and the influ-
ence matrix at time ti9 respectively. The elements of the
influence matrix are ^(f/).

It should be noted that because of the convolution behavior
of Eq. (7c), the influence matrix needs to be evaluated at each
time step and stored for later use. This can result in a large
computational effort, particularly if the number of time steps
(NTS) is large. However, it will be shown later that in most
cases (except for very early times), a value of NTS between 20
and 40 can produce very accurate results.

Because of the symmetrical nature (about the x axis) of the
example problem just described, the solution is required only
for the region x > 0, and consequently only half of the contact
area needs to be discretized. To apply the MUSE method, the
surface region between ;c=0 to x = a is divided into 10
elements (each being an infinite strip); over each the heat flux
is uniform and at the center of each the prescribed tempera-
ture is Tc. See Fig. 2.

The influence functions for the geometry shown in this
figure can be evaluated with the exact closed-form solution for
the problem of a semi-infinite body heated with a constant
heat flux over an infinite strip5 by applying simple superposi-
tion. In the MUSE solution presented here, both local and
average values of the influence functions5 are used and the
results compared.
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Averaged Interface Heat Flux
The spatial average of the interface heat flux can be ob-

tained by summing the products of the elemental heat flux
and the fraction of the total contact area occupied by the
element

N (A\= Z «/J -j-
j=l \ACJ

(8)

where qjM is the heat flux at element j at time tM. For the case
in which all elements are infinite strips, Eq. (8) can be written
as

= Z (9)

where ap aj_l, and a are shown in Fig. 2. Furthermore, if the
elements are equally spaced, the average heat flux can be
given by

= T; Z (10)

Approximate Analytical Solution (Single Node)
By considering only one element along the interface, an

approximate analytical solution for the average interface heat
flux can be obtained by using the Laplace transform tech-
nique. This method was first used by Keltner and Beck.6
Starting with DuhameFs integral for the average interface
temperature, one can write

rc-r0=- 9«><K<U-A)dA (11)

where the influence function <^(0, i) is the spatial average
temperature rise over the element (z = 0) for a unit heat flux.
Taking the Laplace transform of Eq. (11) gives

- ^) cU

or

(12)

(13)

where_ the functions q(s) and (ft(s) are the transforms of q(t)
and (ji(i), respectively. Solving for q(s) provides

(14)

This equation can be written in dimensionless form as

T~ *

where

k(Tc-T0)

(15)

(16)

Early Time Solution
For small dimensionless times, the average influence func-

tion is given by5

For an error less than 0.033%, the exponential term can be

dropped for t < 0.3 and thus

Taking the Laplace transform of Eq. (18) yields

n(s +)

(18)

(19)

Substituting Eq. (19) into Eq. (15) and taking the inverse
transform give

i /-r+h ft+\
- erfc ——— exp — (20)
71 \ 1 / V71 /

This equation can further be simplified to

(21)

which provides less than 3% error for t+ <0.01.

Late Time Solution
For late dimensionless times, the influence function is given

by Eq. 5:

(y=0.5772...) (22)

For an error less than 0.2%, the second term on the right-
hand side of Eq. (22) can be dropped for t+ > 100, and one
can write

Taking the Laplace transform of Eq. (23) gives

(23)

(24)

Substituting Eq. (24) into Eq. (15) and taking the inverse
transform by using the approximate method [which is accu-
rate for/(s) functions that vary slowly with tn s] given in Ref.
7 yields

(25)

which shows that the average surface heat flux increases as the
inverse of the logarithm of time for large times.

Solution to the Interior Region
Once the elemental heat flux histories have been deter-

mined, the solution to the interior temperature history
r(;c, z, f) can be obtained by superimposing the total effect of
all these heat fluxes. That is,

T(x, z, tM) = Z

where

(26)

(27)

and the influence function </>JMZ) ^s tne temperature rise at
point (jc, z) due to a unit heat flux at element j at time tM.
Equation (26) can be written in a more convenient form as

9 z) = MT0 - 4- Z Z
j = 1 i = 1
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Fig. 3 Variation of the normalized area-averaged interface heat flux
with the number of time steps used in the computations.

The solution for the influence function can be obtained from
Eq. (24) given in Ref. 5.

Results and Discussion of Accuracy
Two cases of equally spaced elements and variable-spaced

elements are examined. The first case is used to find out how
accuracy varies with the size of an element, whereas the
second case is used to obtain accurate results in the corner
region near x = ± a. For both cases, elemental surface heat
fluxes are determined for various values of dimensionless time,
ranging between t+ = 0.01 to 1000. At each time, the elemen-
tal heat fluxes are evaluated in 20 time steps. This means that
for larger times, larger time steps are considered. For instance,
to determine q j ( t + ) at dimensionless times of 0.01, 1, and
1000, the time steps of 0.0005, 0.05, and 50, respectively, are
used.

NTS =
0.01 1 1000

0.0005 0.05 50
= 20 (29)

This substantially reduces the computational effort and
provides more uniform accuracies for the results (with respect
to NTS) than the case is which a small constant time step is
used for the entire time range.

To show how accuracies of the results change with NTS,
the case of equally spaced elements is also examined with
values of NTS being equal to 20, 10, 5, and 2. In Fig. 3, the
normalized area-averaged interface heat flux is plotted vs
I/NTS for different values of dimensionless times. The study
of this figure leads to the following observations:

1) The accuracies of the heat flux histories vary linearly
with I/NTS and become more accurate as NTS increases.
(The most accurate values can be obtained at I/NTS = 0 by
employing linear extrapolation.) For NTS = 2, however, slight
deviation (from a straight line) can be seen at early times,
r + <0.1 . The deviation is less than 2% at r + =0.01 and
approaches zero as t+ becomes larger.
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Fig. 4 Variation of the normalized area-averaged surface heat flux
with the size of elements.

6.

Fig. 5 Results of the average interface heat flux for a different number
of elements along the interface (local <t> used).

2) The slopes of the straight lines shown in the figure are
large at early times and become smaller for late times. This
implies that, in order to have good accuracy at early times, the
NTS should be large, whereas the same accuracy can be
obtained with smaller values of NTS at later times. For
instance, the required NTS for less than 3% errors in heat flux
histories are 20, 10, and 5 for dimensionless times of 0.01, 1,
and 10, respectively.

To show how accuracy changes with the size of elements,
the case of equally spaced elements is considered with a
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Table 1 Comparison between the_results obtained with the local and
average $ solutions. q+ — q • a/k(Tc — J0)

0 .5 1
x*«x/a

Fig. 6 Normalized heat flux distribution across the strip at various
values of time.

10" 10 ' 10W 10

Fig. 7 Comparison of the MUSE solution and the approximate analyt-
ical solutions for the early and late times.

different number of elements along the interface (N=\, 2, 5,
10). The number of time steps used was fixed and equal to 20.
The results are shown in Figs._4_ and 5. Figure 4 shows the
normalized interface heat flux 7?+^ vs Ax+ =Ax/a for various
values of t+, while in Fig. 5, </+" is plotted vs / + for different
cases of N= 1, 2, 5, and 10. A behavior similar to that of Fig.
3 is observed in Fig. 4. It can be seen that ~q+ varies linearly
with Ax+ and becomes more accurate as AAT+ approaches zero,
especially for early times.

Local 0
solution

t +

0.01
0.05
0.1
0.5
1.0

10.0
100.0

q +

6.1886
3.0424
2.2750
1.3028
1.0582
0.6340
0.4416

% Error

1.31
1.40
1.34
1.09
0.95
0.63
0.45

Average </>
solution

^

6.2228
3.0578
2.2858
1.3076
1.0616
0.6354
0.4428

% Error

0.77
0.90
0.87
0.73
0.64
0.41
0.18

Corrected

6.2710
3.0856
2.3058
1.3172
1.0684
0.6380
0.4436

The slopes of the lines decrease as t+ goes to infinity. This
indicates that even few elements along the interface can
produce good accuracy for large times. (This can also be
observed in Fig. 5.)

In order to show precisely the heat flux distribution across
the strip, especially in the corner region near x = ±a, 10
variable-spaced elements were used with NTS = 20. The ele-
ments near the corner were smaller (about 1/4) than those
close to the centerline. Figure 6 shows the normalized spatial
variation of the heat flux across the strip at several times.
Normalization is obtained by dividing elemental values by the
value of the centerline element that covers the region
0 < ;c+0.2. It can be seen that the region of uniform heat flux
shrinks as t+ increases. At a dimensionless time about 30, the
normalized heat flux distribution remains constant, which
indicates that for large times, the heat flux across the strip can
be approximated by a product of a function of t+ and a
function of x +.

As mentioned earlier, both local and average values of the
influence functions are examined in this problem. Table 1
shows the results obtained from the local 4> solution and those
found from the average $ solution. Both solutions use 10
equally spaced elements with NTS = 20. The first column is
the dimensionless time ranging between 0.01 to 100. The
second and fourth columns show the normalized values of the
area-averaged interface heat flux resulting from the local and
average solutions, respectively. The last column provides the
corrected values of the averaged interface heat flux for the
case in which TV—oo (corresponding to the values of ~q+ at
AJC+ = 0 in Fig. 4). Comparison of the results from the second
and fourth columns with the corrected values in the last
column indicates that the average </> solution gives more accu-
rate results than the local </> solution. As can be seen in the third
and fifth columns, the errors associated with the average so-
lution are about two-thirds of those related to the local solu-
tion, which implies that the former solution is more appropri-
ate than the latter one, particularly, when the number of ele-
ments is small.

In Fig. 7, the results obtained from the multinode solution
(with 10 equally spaced elements and NTS = 20) are com-
pared with those evaluated by the early- and late-time analyt-
ical solutions given by Eqs. (20) and (25), respectively. As can
be seen, the multinode USE solution is in a very good
agreement with the early-time solution up to dimensionless
time about 1 and matches closely the late-time solution for
times greater than 5.

Conclusions
An unsteady surface-element solution is presented for the

problem of a semi-infinite body (with mixed boundary condi-
tions of a step change of the surface temperature over an
infinite strip and insulated elsewhere) that is very difficult to
solve analytically because of the mixed boundary conditions.
The solution is given in terms of the elemental surface heat
fluxes that are averaged spatially over the interface. The
results were compared with those obtained by the approxi-
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mate analytical solutions (developed in this paper) for the
short and late times. It was found that a very high accuracy is
attainable with a relatively small number of surface elements
for a long range of dimensionless time.

The accuracy of the results was also examined for the early
and late times by having different sizes of elements and a
different number of time steps (NTS). It was found that in
order to have good accuracy at early times, more elements
and larger values of NTS are needed whereas the same
accuracy can be obtained at later times with smaller values of
NTS and a fewer number of elements along the interface.

Finally, the accuracy of the method was examined by
considering both local and average values of the influence
functions. It was found that although both approaches pro-
duce very accurate results, the errors associated with the
average </> solution are about two-thirds of those related to the
local 4> solution.
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